We construct odd-dimensional extremal charged black hole solutions with a twisted S 1 as an extra dimension on generalized Euclidean Taub-NUT spaces. There exists a null hypersurface where an expansion for an outgoing null geodesic congruence vanishes, then these spacetimes look like black holes. We show that the metrics admit C 0 extension across the horizon, but some components of Riemann curvature diverge there if the dimension is higher than five. The singularity is relatively mild so that an observer along a free-fall geodesic can traverse the horizon. We also show solutions with a positive cosmological constant.
I. INTRODUCTION
In recent years, studies on higher dimensional black holes have attracted much attention.
After the discovery of black ring solutions [1] , it has been shown that higher-dimensional black objects admit various horizon topologies in contrast to the four-dimensional case. In addition to black holes with spherical horizons [2, 3] , there are many exotic solutions of the Einstein equation in higher dimensions, e.g., black strings, rings, Saturns, and di-rings [1, [4] [5] [6] [7] [8] [9] [10] [11] .
From a realistic point of view, the extra dimensions need to be compactified to reconcile the higher-dimensional theory of gravity with our apparently four-dimensional world. Then, it is important to consider higher-dimensional black holes with compact extra dimensions, i.e., Kaluza-Klein black holes. In five dimensions, for example, exact Kaluza-Klein black hole solutions with a twisted extra dimension, i.e., squashed Kaluza-Klein (SqKK) black holes, are constructed [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] in a class of cohomogeneity-one symmetry. These black holes have spherical horizon topologies, and they look like dimensionally reduced black holes in their asymptotic regions.
On the basis of a Ricci-flat space with the Euclidean signature, extremal charged black hole solutions can be constructed by using harmonic functions on the base space [26] . If we take a hyperkähler space as the base space, we obtain a supersymmetric black hole [14] .
Many supersymmetric black object solutions are obtained explicitly, for example, black holes [27] [28] [29] [30] [31] [32] , black rings [33] [34] [35] [36] [37] [38] [39] , and multi-black objects [40] [41] [42] [43] .
In five dimensions, the extremal charged Kaluza-Klein black holes are constructed in such a way as to superpose harmonic functions on the flat Euclid space periodically, which are special cases of Majumdar-Papapetrou multi-black hole solutions, and to take an identification by the period [26] . The solutions have a direct product structure of the extra S 1 with the base spacetime 1 . The extremal charged Kaluza-Klein black hole solutions with a twisted S 1 , space to higher-even-dimensional spaces are discussed in [56] [57] [58] [59] [60] [61] [62] [63] [64] [65] [66] [67] [68] . In this paper, we focus on the generalized Taub-NUT spaces in higher dimensions, which are not hyperkähler in general, as base spaces, and construct extremal charged solutions that have a twisted S 1 as an extra dimension explicitly. The solutions are extensions of the extremal charged SqKK black hole solutions in five dimensions to higher than five dimensions 3 .
It was pointed out that the Majumdar-Papapetrou multi-black hole solutions are analytic at the horizon in four dimensions, but not smooth in five dimensions, and have curvature singularities at the horizon in higher than five dimensions [70] [71] [72] [73] . The smoothness of the horizon depends on the spacetime dimension. How about the smoothness of the horizons of Kaluza-Klein black holes? In five dimensions, the extremal charged SqKK black hole solutions with a twisted S 1 have smooth horizons 4 . In this paper we examine whether the smoothness of the horizon is preserved in higher than five dimensions.
This paper is organized as follows. In Sec.II, we construct extremal charged solutions with a twisted extra S 1 in odd dimensions explicitly. Sec.III and IV are devoted to an investigation of asymptotic structures of the solutions and the regularity at the horizon, respectively. In Sec.V we present the solutions with a positive cosmological constant, and we conclude our works with discussions in Sec.VI.
II. CONSTRUCTION OF EXTREMAL CHARGED SOLUTIONS TO THE EINSTEIN-MAXWELL EQUATIONS
We consider the D-dimensional action of the Einstein-Maxwell theory
where R is the Ricci tensor and There are some attempts to obtain vacuum solutions of SqKK black holes in higher dimensions numerically [69] . 4 It was shown that five-dimensional extremal charged Kaluza-Klein multi-black hole solutions with a twisted S 1 are smooth at the horizons [74] .
Maxwell equations
For (D − 1)-dimensional Ricci-flat metrics h ij (x k ) (Latin indices run over the (D − 1) space values 1, · · · , D − 1), we consider D-dimensional metrics and Maxwell fields in the form of
It is known that both the Einstein and Maxwell equations, (2) and (3), are reduced to the Laplace equations on the base space with the metric h ij [26] ,
On the line of this fact, we construct Kaluza-Klein black hole solutions with a twisted extra dimension. In the five-dimensional case, such solutions can be constructed on the Euclidean Taub-NUT space [14, 15, 23, 45, 46] . First, we generalize the Taub-NUT space to higher even dimensions than four, and construct the solutions by using a harmonic function on the space.
We consider 2(n + 1)-dimensional spaces with the metrics [64] 
where F is a function of r and L is a positive parameter which represents the size of the extra dimension, as will be shown later, and dΣ 2 n is the metric on CP (n) defined recursively by
where 0 ≤ ξ I ≤ π/2, 0 ≤ ψ I ≤ 2π, 0 ≤ χ ≤ 4(n + 1)π, (I = 1, · · · , n) are angular coordinates. We require h ij to be Ricci-flat and regular at r = 0. The Ricci flatness condition and the regularity condition are respectively given by
Then, we find
We call, in this paper, the metrics (7) with (14) the 2(n + 1)-dimensional generalized Taub-NUT spaces.
Using generalized Taub-NUT spaces and harmonic functions H on the spaces, then we construct the D = 2(n + 1) + 1 dimensional solutions on the base space with the metric h ij in the form
where we assume that the function H depends only on the radial coordinate r. Then, the Laplace equations (6) become
The solutions for a point source at r = 0 are
where µ is an arbitrary constant, and we set another constant of integration suitably such that H → 1 as r → ∞. The Komar mass and charge for the solutions (15) and (16) with (14) and (18) are
respectively, where Ω 2n+1 denotes the area of the (2n + 1)-dimensional unit sphere, and ξ µ ∂ µ is the timelike Killing vector field whose norm is −1 at r = ∞. The solutions satisfy the extremality condition
In the case n = 1, the metrics coincide with the five-dimensional extremal Kaluza-Klein black hole metric on the Euclidean Taub-NUT space [14, 15, 23, 45, 46] .
III. ASYMPTOTIC STRUCTURES
A. The µ = 0 case
In the case of µ = 0, the metric (15) reduces to
If r ≪ L, the metric (22) behaves
Introducing the new radial coordinate R defined by r = R 2 /(4(n + 1)L), we find
where
is the metric on the (2n + 1)-dimensional unit sphere. Eq. (24) shows that the spacetime (22) has no conical singularity at r = 0.
If r ≫ L, the metrics (22) behave as
for D = 5, and (27) for D > 5. In both cases (26) and (27) , the angular parts of the metrics have the fiber bundle structures: an S 1 fiber over the CP (n) base space. In the n = 1 case, the base space is S 2 and the metric is the Kaluza-Klein monopole solution [75, 76] . The spacetime with the metrics (26) or (27) commonly has a twisted S 1 as a compactified extra dimension whose size is 4(n + 1)πL/ √ 2n − 1, respectively.
B. The µ = 0 case
If the parameter µ 2n is negative µ 2n < 0, there exists a point r = r s > 0 where H(r s ) = 0, since the integral in the right hand side of (18) becomes arbitrary large as r → 0. In this case, the spacetime with the metric (15) has a timelike singularity at r = r s where the Kretschmann scalar R µνρσ R µνρσ diverges. Then, here and henceforth, we consider the µ 2n > 0 case. We can assume µ > 0 without loss of generality.
If r ≪ L, the metric (15) behaves
Introducing the new radial coordinate R defined by
we find
where the constant R H is given by
The metrics (30) are the D-dimensional extremal Reissner-Nordström metrics [2] .
In the limit r → 0, i.e., R → R H , the metrics (30) behave as
The metrics are rewritten as
by using the new coordinatesr andt given by
The metrics (33) imply the well known fact that the extremal Reissner-Nordström metrics approaches the metrics of AdS 2 × S 2n+1 at the horizon [77, 78] . Therefore, one might expect that the solution (15) is regular at r = 0. Indeed, in the D = 5 case, the extremal charged Kaluza-Klein black hole with a twisted S 1 is smooth at the horizon [74] . However, higherorder terms that we ignore cause the singularity in D > 5, as will be shown later.
If r ≫ L, µ, the metrics behave as
for D = 5, and
for D > 5. In Eqs. (35) and (36) , since the coordinate r is the circumferential radius with respect to CP (n), in this coordinate, g tt gives the 'Newtonian gravitational potential' in the large scale. The r dependences of g tt imply the gravity in the far region is dimensionally reduced. Note that one can write g tt with the D-dimensional gravitational constant G D explicitly in the form
where G D /L is the (D − 1)-dimensional gravitational constant.
IV. PROPERTIES OF r = 0 SURFACE
In the µ > 0 case, the r = 0 surface is an apparently singular null surface in the metric form (15) with (18) . So, we first construct coordinates which cover the surface r = 0 to see the smoothness of this surface.
To avoid the coordinate singularity in the metric (15) at r = 0, we introduce the coordinates (v, ρ):
Eq.(39) means ρ ∝ r n . Then, the metric (15) becomes
where r is a function of ρ. In the case D = 5, the spacetimes with the metrics (40) give an analytic extension of (15) and the metric components in Eq. (40) are smooth functions of r or ρ at r = 0 as follows
However, in the case D > 5, the spacetimes with the metrics (40) do not give an analytic extension because the metric components are not smooth functions of ρ as follows
We can see that the essential reason for analyticity breaking is the fractional powers of ρ. Though we can remove the fractional powers in g vρ by transforming ρ to a new radial coordinate but cannot do that in g ξnξn . This fact implies that the null hypersurface r = 0 is a singular hypersurface.
To examine the properties of the hypersurface r = 0 more carefully, we use vielbeins
where indices with parentheses distinguish each vielbein, and
In particular, we take
where e (0)µ ∂ µ is chosen as the geodesic tangent vector in the radial direction.
First, we calculate the expansion for an outgoing null geodesic congruence k µ ∂ µ defined by
where k µ k µ = l µ l µ = 0 and k µ l µ = −1. Using the vielbein frame, we introduce outgoing and ingoing null vector fields k µ ∂ µ and l µ ∂ µ by
The vectors k µ ∂ µ are tangent to the null geodesics which are orthogonal to the r = const.
surfaces. Then, we find that
In the vicinity of r = 0, the expansion θ + behaves as, for example, in the D = 5, 7, 9 cases,
. (61) Since the expansion θ D=2n+3 + is positive in the region r > 0 and zero at the null hypersurface r = 0, the hypersurface r = 0 looks like the apparent horizon for observers in the region r > 0. In the limit L → ∞, the expansion behaves as
This reproduces the expansion for r = const. in the case of the Reissner-Nordström spacetimes. Note that the leading behavior of θ + near r = 0 is different from (62) , though the leading behavior of the metric becomes Reissner-Nordström spacetime as shown in Sec.III.B.
While we can find an analytic extension across the horizon r = 0 for D = 5, but hardly find such an extension for D > 5. Although we can show that the Kretschmann invariant R µνρσ R µνρσ is finite at r = 0 for all D, but cannot conclude that the horizon r = 0 is smooth. To examine the regularity at r = 0, we consider the Riemann curvature measured by a free-falling observer with orthonormal bases (47)- (53) [79] .
We can calculate the vielbein components of the Riemann curvature, and show the components explicitly, for example,
In the limit r → 0, the above curvature component behaves as
for D = 5, and 
V. SOLUTIONS WITH A POSITIVE COSMOLOGICAL CONSTANT
In this section, we consider the action with a cosmological constant Λ,
The Einstein and Maxwell equations are
We can construct the D = (2n + 3)-dimensional cosmological black holes on generalized Taub-NUT spaces, if the cosmological constant Λ is positive, using harmonic functions in the similar way in Sec.II. The metrics and the Maxwell fields
solve Eqs. (67) and (68), where
and F (r) is given by Eq. (14).
To examine where the horizon exists, we consider the expansion θ + for a congruence of outgoing null geodesics emanating from an r = const. sphere on a time slice. We take the outgoing and ingoing null vector fields perpendicular to the sphere be
so that k µ l µ = −1. We find that the expansion for the outgoing null geodesic congruence, defined by Eqs. (54) and (55), is in the form
Using the new variable R defined by
we rewrite (75) approximately in the region r ≪ L as
as a function of R. This coincides with the expansion for r = const. in the case of ReissnerNordström-de Sitter spacetimes. The equation θ + (R) = 0 given in (77) has two roots R BH and R CH (R BH < R CH ) in the region R > R H if the condition
is satisfied (see Appendix B). The large one corresponds to the cosmological horizon, and the small one to the apparent horizon of the black hole. According to (76) , the location of the apparent horizon written by t and r is in the form
Because we have assumed r ≪ L, it is necessary that e λt is small, i.e., we should consider an early stage t → −∞. In this stage, we can find the following facts. First, the metric components at the apparent horizon are smooth, and the r = 0 surface is hidden in the trapped region. Secondly, the geometry of these spacetimes near the horizon approaches to We can find C 0 extension across the horizon r = 0 and the observer along the free-fall geodesic can traverse the horizon. This is because the singularity is relatively mild, i.e., a tidal force causes finite difference in deviation of geodesic congruence just before and after crossing the horizon.
We have generalized the solutions to the case with a positive cosmological constant.
We have obtained extremal charged solutions which have smooth apparent horizons in the very early stage at least as same as the extremal Reissner-Nordström black holes in the asymptotically de Sitter space [80] .
Then, the metric (15) is represented by
where m = µ 2n /L 2n−1 . To extend the solutions across ζ = 0, we introduce null coordinate v such as
Then, the metric (A2) becomes
We assume that this metric extended in the region ζ < 0 as follows:
where r is the function of ζ implicitly represented by
Introducing a coordinateζ = −ζ, we show that in the region ζ < 0, the above metric becomes
The metric in above form is obtained by replacing the constant of integration 1 with −1
and 'time' reversal in (A4). Therefore, it is clear that this metric is the solution of the Einstein-Maxwell equations. The spacetimes with the metrics (A5) give a C 0 extension for the spacetimes with the metrics (A2). 
The parameter R H is related to the mass M as
Introducing the cosmological coordinates (r, t) in the form [47] e −λt r 2n = R 2n − R 2n
we find 
Using the static coordinates (T, R), we can write θ + in the form
The condition that the equation θ + = 0 has two positive roots R BH and R CH (R H < R BH < R CH ) is [81] 0 < (λR H ) 2n < (2n) 4n (2n + 1) 2n+1 .
The small one corresponds to the black hole horizon and the large one to the cosmological horizon.
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